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Abstract
It is shown that there cannot exist a uniform exponential dichotomy for any linear delay
equation with a positive ﬁnite delay.
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Consider a linear functional differential equation
x˙(t) = Lxt , (1)
where L :C([−r, 0],Rn) → Rn is a bounded linear map, r > 0 and xt () = x(t + ),
 ∈ [−r, 0]. Let {T (t)}t  0 denote the C0-semigroup generated by Eq. (1) (cf. [2]).
For any real number , let P + be the eigenprojection associated to the spectral set
{ ∈ (A) :Re  > }, where A is the generator of {T (t)}t  0. The linear subspace
P

+C([−r, 0],Rn) is invariant under T (t) for each t  0. Let P − = I −P +. It is known
(see, for example, Theorem 4.1 in [2, p.181] or the ﬁrst part of Theorem 2.1 of [3])
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that there are constant K and constants 1, 2 (depending on ) with 2 > 1 > 0
such that there is the following (generalized) exponential dichotomy:
‖T (t)P −‖  Ke(−2)t , t  0, (2)
‖T (−t)P +‖  Ke−(−1)t , t  0. (3)
The dichotomy is said to be uniform with respect to  if it is possible to choose the
constant K independent of .
The main result is
Theorem. For r > 0, the constant K → ∞ as  → −∞. In particular, the delay
equation (1) has no uniform exponential dichotomy.
Proof. Let C− := P −C([−r, 0],Rn) and C+ := P +C([−r, 0],Rn) and let | · | denote
the Euclidean norm in Rn and ‖ · ‖ the supreme norm in C([−r, 0],Rn). It sufﬁces to
consider in C([−r, 0],Rn) for n = 1.
We ﬁrst claim that there exists a function ∗ ∈ C− such that
‖∗‖ = 1, |∗(b)| = 1 (4)
for some b ∈ (−r, 0).
For any 0 <  < r/2, let
 = {	 ∈ C([−r, 0],R) : supp(	) ⊂ [−r + ,−]},
where supp(	) denotes the support of 	. Clearly,  is an inﬁnite-dimensional subspace
of C([−r, 0],R). For any  0, let

, := P +.
Since C+ is of ﬁnite dimension, 
, is a linear subspace of C([−r, 0],R) of ﬁnite
dimension. Furthermore, the inverse image of 
, in C([−r, 0],R) contains the inﬁnite-
dimensional space . If, for any g ∈ 




then P + is an isomorphism from  onto 
,, which implies that  is ﬁnite di-
mensional, a contradiction. Therefore, there exist a function g ∈ 
, and two distinct
functions 1,2 in  such that
P

+1 = P +2 = g.
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Let  = 1 − 2. Clearly,  /≡ 0 and  = P − ∈ C−. By continuity, there ex-
ists b ∈ [−r + ,−] such that |(b)| = ‖‖ = 0. Therefore, ∗(t) := (t)/‖‖
satisﬁes (4).
Having obtained ∗ ∈ C−, we get T (r + b)∗ = T (r + b)P −∗. Thus for  0,
1 = |∗(b)| = |[T (r + b)∗](−r)|
 ‖T (r + b)∗‖ = ‖T (r + b)P −∗‖
 ‖T (r + b)P −‖Ke(−2)(r+b)Ke(r+b)
by (2), where we note that 2 > 0 and r + b > 0. It follows that K e−(r+b), i.e.,
K cannot be chosen independent of  as →−∞. This completes the proof. 
This shows that the second assertion in Theorem 2.1 of [3], stating that a uniform
exponential dichotomy exists, is not true. One of the objectives of [3] was to show the
heteroclinic solution of a speciﬁc delay differential equation lies on a ﬁnite dimensional
invariant manifold as stated in Theorem 5.1 of [3]. Since the proof of Theorem 5.1
makes use of the second assertion in Theorem 2.1, it is not known if the heteroclinic
orbit lies on a ﬁnite dimensional invariant manifold.
In [1] Farkas had noted that the proof of the existence of a uniform exponential di-
chotomy in Theorem 2.1 in [3] did not seem to be complete. He submitted a manuscript
to the Journal of Differential Equations pointing out that, in general, the result of uni-
formity in Theorem 2.1 in [3] could not be true. In this manuscript, he gave the simple
example
x˙(t) = x(t)
as a linear functional differential equation on C([−r, 0],R) with r > 0. Let  < 0 and
choose a function ε, where 0 < ε < r is small, such that
‖ε‖ = 1, ε(−ε) = 1, ε(0) = 0.
Then by (2),
1 = |T (r − ε)ε(−r)| ‖T (r − ε)P −ε‖Ke(−2)(r−ε)Ke(r−ε),
i.e., K e−(r−ε) →+∞ as →−∞.
In the original manuscript of Farkas, he also gave some incomplete arguments on
the general case. Before the galleys arrived to Farkas, he died in a car accident.
The revised paper appeared in [1]. Unfortunately, the proof of nonexistence of a
uniform exponential dichotomy given in [1] is incorrect as the following argument
shows.
4 J.K. Hale, W. Zhang / J. Differential Equations 204 (2004) 1–4
The idea was the same as used in the proof above; namely, to show that there exists
a function ∗ ∈ C− such that
‖∗‖ = 1, |∗(−a∗)| = 1 (5)
for some a∗ ∈ [0, r/2]. To accomplish this, he considered a sequence {k} ⊂ C([−r, 0],
Rn) with the properties that ‖k‖ = 1, supp(k) ⊂ [−r/2, 0] for k = 1, 2, . . . , and
supp(k) ∩ supp() = ∅ whenever k = . Since C− is of ﬁnite codimension, there is
no loss of generality in assuming that P +k → g for some g ∈ C+. It follows that
k −  = ck + gk, (6)
where ck ∈ C−, gk ∈ C+ and ‖gk‖ → 0 as k,  → ∞. From this, it was asserted
that ∗ in (5) can be chosen for ck/‖ck‖ where k,  are distinct and sufﬁciently
large. However, that does not guarantee his choice is appropriate. Indeed, k may not
converge although P +k does so. Thus we cannot consider the limit of k − . For




k −  − gk
‖k −  − gk‖
(7)
by (6). Although ‖k − ‖ = 1 for all distinct k and  and |k() − ()| reaches
1 on the subinterval [−r/2, 0], we have no evidence to assure gk = 0 for some k and
. Thus we cannot exclude that k() − () − gk() may vanish somewhere, that
implies the choice of ∗ in (7) is invalid.
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